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A family / : X — > B of projective complex manifolds is called birationally 
isotrivial, if there exists a finite cover B' — > B, a manifold F and a birational 
map (p from F x B' to X x b B' . The morphism / is isotrivial, if <£> can be chosen 
to be biregular. 

One can ask, tempted by the corresponding property for families of curves, 
whether / is birationally isotrivial whenever B is an elliptic curve or C* and the 
Kodaira dimension of a general fibre non-negative. Assuming that all fibres of / 
are minimal models, one could even hope that / is isotrivial. 

Both problems have an affirmative answer, if local Torelli theorems hold true 



for the fibres of / (or, as explained in 1.4 , for some etale cover), and both have 



been solved by Migliorini and Kovacs [|IIJ] for families of surfaces of general 
type (see also [|J or 0). In this note we want to extend their methods to 
surfaces of Kodaira dimension one and thereby complete the proof of the following 
theorem. 

Theorem 0.1. All smooth projective families of minimal surfaces of non-negative 
Kodaira dimension over complex elliptic curves or over C* are isotrivial. 

The projectivity assumption is essential. Indeed there exist smooth, highly 
non-projective families of _fT3-surfaces over P 1 , called twistor spaces. 

Let Mh be the quasi-projective moduli scheme of polarized manifolds with 
numerically effective canonical divisor and Hilbert polynomial h (see [[2(J). If Y 
is a complex algebraic manifold, $ : Y — > a morphism, etale over its image, 
and if $ is induced by a "universal" family, then p.l| implies that Y is algebraically 
hyperbolic for deg(/i) = 2 (see also f[T||). 



If Y is a smooth compactification with S = Y — Y a normal crossing divisor, one 
might hope, that ft^(logS) (or some symmetric product) contains a subbundle 
JF, isomorphic to f2^.(logS) over Y, with T numerically effective and det(jF) 
big. This positivity property holds true for moduli schemes of curves, and it 



has recently been verified by Zuo |22j if the fibres of the universal family over Y 
satisfy the local Torelli theorem. 

If B is an elliptic curve, or if the fibres Xf, of / allow an etale cover which is an 
elliptic surface without multiple fibres, the proof of the isotriviality is quite easy. 
In the first case, the proof is given at the beginning of section 4, in the second 



the necessary arguments are sketched in 4.2 and 4.3, as special cases of the proof 



of p.l| for elliptic surfaces, given in section 7. 
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mata and Qi Zhang for helpful remarks and comments. The first named author 
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Notations 0.2. In discrepancy to the introduction A and B will denote complex 
projective manifolds of dimension three and one, and / : A — > B will be a family 
of surfaces, i.e. a flat projective morphism with two dimensional connected fibres 
X b = We fix an open dense subscheme B C B, such that 

fo = f\x '■ A = / _1 (_B ) — ► B Q 

is smooth, and we write S = B — Bq and A = f*(S). 

We will call / a family of minimal surfaces, if the non-singular fibres Xf,, for 
b G -Bo? are minimal models of non-negative Kodaira dimension, but we will not 
require / to be a relative minimal model in a neighborhood of /"-"-(S 1 ). 

The dualizing sheaves of B, X and of / will be denoted by u>b, wi and oj x /b — 

If D is an effective normal crossing divisor on X, f2^(log-D) = Q x (logD ve( j) 
denotes the sheaf of logarithmic differential forms. 

Starting from section three, the general fibre F of / is assumed to be a minimal 
elliptic surface of Kodaira dimension k(F) = 1 and starting with section four, we 
will assume that B is an elliptic curve and S = 0, or that (B, S) = (P 1 , {0, oo}). 

1. Families of surfaces and isotriviality 
The positivity results for direct images of powers of dualizing sheaves, due to 



Fujita, Kawamata and the second named author (see [fLq| , 7.2 and the references 
given there) can be presented in a nice form, if the base is a curve and if the 
smooth fibres are minimal. 

Definition 1.1. Let X be a projective manifold and U C X an open dense 
subset. An invertible sheaf £ on A is called 

i) semi-ample with respect to U, if for some /io and all multiples /x of /Jo the 
map 

V ^.H\X,C il )®cO x — +C» 

is surjective over U. 

ii) ample with respect to U, if £ is semi-ample with respect to U and if (p^ 
induces an embedding U — ► F(H°(X, C 1 )) for \x sufficiently large. 

Lemma 1.2. Let f : X —> B be a family of minimal surfaces of non-negative 
Kodaira dimension, smooth over B = B — S . 

a) Then /*^x/B ^ s numerically effective, for all v > 1. 

b) If f is semi-stable, then the following conditions are equivalent: 

i) For some z/ > and for all multiples v of u f*Wx/B ^ s am P^ e - 

ii) There exists some rj > such that f*^ x /B contains an ample subsheaf. 

iii) ojx/b is semi-ample with respect of Xq = X — /^(S) and for a general 
fibre F of f one has k{ujx/b) = ^(F) + 1. 

iv) / is not birationally isotrivial. 

Corollary 1.3. Let r : Y — > A be generically finite. If f o r : Y —>■ B is 

birationally isotrivial, then the same holds true for f : A — > B . 
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Proof. We may assume both, / and / o r to be semi-stable. The natural inclusion 
&x/b t^ljy/b induces an inclusion f*u X /B ~^ (f ' ot )* uj y/b^ f° r a ^ ^ > 0- Hence 
if / is not birationally isotrivial, the condition ii) in |L2] b) is satisfied. □ 

For a smooth projective family fo : Xq — ► Bq consider the polarized variation 
of Hodge-structures R 2 f *Cx - If B is an elliptic curve or C*, then this variation 
of Hodge-structures is necessarily trivialized over some etale cover B' Q — > Bq. In 
fact, the induced morphism from the universal cover C of Bq to the period domain 
of polarized Hodge-structures is constant (see for example [0, §3). Combined 
with Ol one obtains: 



Corollary 1.4. If there exists an etale covering To : Yq — > Xq, such that the fibres 
of fo ° T o satisfy the local Torelli theorem, and if Bq is an elliptic curve over C* ; 
then f is birationally isotrivial. 



Remark 1.5. The assumptions of |1.4| hold true for all families of minimal sur- 
faces of Kodaira dimension zero. The same argument can be used to prove the 
corresponding statement for families of curves of genus g > 1. 

For families of minimal surfaces the birational isotriviality is equivalent to the 
isotriviality. As well-known, the trivialization even exists over an etale cover of 

Bq. 

Lemma 1.6. A smooth projective family fo : Xq —>■ Bq of minimal surfaces (or 
curves) of non-negative Kodaira dimension is birationally isotrivial, if and only 
if there exists a finite Stale cover B' — > Bq and a surface (or curve) F with 

X o x Bo B' ~FxB' o . 

Proof. It is easy to find a finite cover B' ' — ► B and an isomorphism 

ip:X x Bo B' '^FxB' ' 

of polarized manifolds. In fact, there exists a coarse moduli space of polarized 
manifolds, and Kollar and Seshadri constructed a finite cover of Mh which carries 



a universal family (see f20fl , p. 298). Of course one may assume B' ' — > Bq to be 
Galois with group G. In different terms, one has a lifting of the Galois action on 
Bq to F x Bq, giving Xq as a quotient. Let H be the ramification group of a 
point b G Bq. Then H acts trivially on the fibre F x {&}. 

On the other hand, the automorphism group of a polarized manifold of non- 
negative Kodaira dimension is finite, hence the action of H on F x Bq must 
locally be the pullback under pr 2 of the action on Bq. Necessarily the same holds 
true globally and 

Xq x Bo (Bq>/H) = (Fx B'q^/H = Fx (B»/H). 

□ 

2. A VANISHING THEOREM 



As in [ 13 1 , [10], ||21|| , 0] or |2| we will use vanishing theorems for the cohomology 
of differential forms with logarithmic poles. However, we have to allow poles along 
some divisor n, transversal to the elliptic fibration. In order to find such a divisor, 
we will be forced to modify f and to allow some additional singular points in the 
fibres. 
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Assumption 2.1. Let X, W and B be normal proper algebraic varieties of di- 
mension three, two and one respectively, and let 

X W 
B 

be morphisms with connected fibres. Consider an effective divisor T and a prime 
divisor IT on X, and an invertible sheaf C on W. Let B = B — S be open and 
dense in B, 

X = f-\B ), W = h-\B ) 

and denote by fo, go, n , Co and ho the restrictions to X and Wo, respectively 
Assume: 

i) II is a section, i.e. g|n : n — > i s an isomorphism. 

ii) X is non-singular and A = f*(S) as well as A + II are normal crossing 
divisors. 

iii) ho '■ Wq — > Bo is smooth. 

iv) go : X — > Wq is a flat family of curves. 

v) fo : X — > £> is smooth outside of a finite subset T of X . 

vi) The sheaf £ is ample with respect to W . 

vii) /i*^ = f*(g*C u <S> Ox(—v • T)), for all z/ > 0. In particular T is supported 
in A. 

viii) degUB(S) > 0. 

Definition 2.2. 

a) For i: X — T —> X define fi^ /B (log A)~ = t*Q^_ T/B (log A). 

b) ^ /B (log A)' = Im(^(log A) — n5r /B (log A)~). 

c) We use the same notation for the sheaves of differential forms with logarith- 
mic poles along II: 

^ /B (log(A + n))~ = ^_ T/B (log(A + n)) and 

^ /B (io g (A + n))' = im(^(io g (A + n)) - ^ /B (io g (A + n))~) 

Since II does not meet the non-smooth locus T of fo, the sheaf 

r& /B (iog(A + n))' 

is invertible in a neighborhood of II and 

(2.2.1) tf x/B (\og(A + II))' = Q 2 x/B (\ogA)' ® O x (U). 
By definition one has the exact sequences 

(2.2.2) — + f*u B (S) — ^(log(A + II)) — + ^ /B (log(A + n))' — ^ 

(2.2.3) o — + /W^) ® ^ /B (io g (A + n))~ — + n^(io g (A + n)) — ^ 

— ^ /B (to g (A + n))' — o. 

The main result of this section is 
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Proposition 2.3. Assuming |£. i| 

H°(X, n 2 x/B (\og(A + n))' ® g*£- 1 <g> O x (T - n) <g> /*^(S)- 2 ) = 

#°(x, j^ /B (iog A)' ® //r 1 ® Ox(T) ® f*Msy 2 ) = o. 

Remark 2.4. If / is semistable, f2^ B (logA)~ = oj x /b an d ^x/^Qog A)' is a 
subsheaf, say ui' x , B , of ojx/b- Then |2l| says that 

^ /B (T) ® /*^(5)- 2 ® g*^ 1 ) = 0. 

Proof of \2. 4 The statement is compatible with blowing up W and X, as long 
as the centers are contained in h~ 1 (S) and / _1 (S'), respectively. In fact, for 
t : X' X and A' = r*A 

fi| /B (log A)' ® O x (T) = r*(^, /B (log A)' ® Ox'(r*T)). 

Blowing up W (and hence X) we may assume that is non-singular. For p 
sufficiently large, h*(S) ie d) is ample with respect to Wo. 

Hence, blowing up W and replacing p by some multiple, we will find an effective 
divisor S in W such that E) is globally generated and big, and such that 
E red = h*(S) Ied . Moreover, if rj : W -> P(#°(W, denotes the induced 

morphism, we can also assume that there exists an effective relatively anti-ample 
exceptional divisor E. Replacing S) by C^' u (—v ■ S — i?), we may assume 
finally that S) is ample. The assumption |2.1| , vii), implies that g*£ > // • T. 

Since n is a section, for some p > the map 

g*g.O x {p-IL) -^O x (p-Il) 

is surjective over Xq. After blowing up X, one finds an effective divisor Ti, 
supported in A, with 

g*g*o x (p-n)^o x (p-n-r 1 ). 

Let Ei, . . . , S r be the irreducible components of S. For all u, sufficiently large, 
and for all E' = Ym=i e i^i — 0; with G {0, 1}, 

g\a» v ) ®O x (p-U- g*{vY> + Tl) - I\) 

is big and generated by its global sections. Choosing z/ larger than p and larger 
than the multiplicities of the components of g*(E red ) one finds ei, . . . ,e r such that 
N = v ■ p does not divide the multiplicities of the components of 

By construction r red = A red , r > N ■ T, and g*(C N ) ® O x (p ■ II - T) is globally 
generated and big. Let us write 



C' = g*(£)®O x (ll-[^])=g*(£)®O x (ll 



(N-p)-U + T 

N 



Claim 2.5. For all m > and for i + j < 3, 

fi J x (io g (A + n)) ® /r 1 ® ruj B (sy m ) = o. 
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Before proving |27|, let us deduce |2.3| . Using [2.5| and the long exact cohomology 
sequence induced by ( pX3|) ^.C'" 1 ® f*co B (S)- 2 one obtains an embedding of 



r 

N 

H°(X, n 2 x/B (\og(A + IT))' ® /T 1 ® /*u; B (S) 



#° : = n^ /B (iog(A + n))' ® ^zr 1 ® o x ( -n + 



-2-S 



-2\ 



into 



tf 1 : = h\x, ^ /B (io g (A + n))~ <g> zr 1 ® r^C-S')- 1 ). 



Since iT^y B (log(A + n))' — > $7^-/ B (log(A + II))~ is surjective outside of a finite 
set of points, H 1 is a quotient of 

h' 1 := f x (x, ^ /B (io g (A + n))' ® zr 1 ® /*w B (s')- 1 ). 

Applying |2T5| , for j = 1, i = 1, to ( |2.2.2| ), one finds an injective map 

H' 1 — + H 2 (X,C'~ l ) 
and, |2.5|, for j = 0, z = 2, implies that both groups are zero. Hence all the groups, 



H' , H 1 and if , are zero. Since 



> T one obtains 12.31 from H° = 0. 



□ 



Proof of [O. By the choice of CJ one has 



g *{c N ) <g> Ox(p • n - r) = c" ® o x (-(iv - p) • n - r 



JV 



for r = r-iv- 



. Since N does not divide the multiplicities of the components 

of T, one finds r^. cd = A rc( j. The sheaf g* (£ N ) <8> Ox (p'H — T) contains the inverse 
image of an ample invertible sheaf on W. All this remains true, if we replace £ 
by £ ® f*UB(S) m , and £ by C ® h*uiB{S) m . So we may assume m to be zero. 

If 5 : X — > F M is the morphism given by the global sections of the z/-th power 
of g*(C N ) Cg> Ox(p ■ n — T), for v sufficiently large, then 5|x-r rcd = <5|x can at 
most contract components of the fibres of go. In particular the maximal fibre 
dimension of 5\x is one. 

The divisor if of a general section of g*(C N ' u ) <g> Ox{p • II — r)" is smooth, and 
IT + T + H a normal crossing divisor. By 0, 6.2 a) and 4.11 b), 



h\x, ni(iog(n + r + #)) ® z;'~ 



o 



for i + j ^ 3, and 



^(i?,^ B (io g (n + r)| B )®£ 



for i + j ^ 2. Considering the long exact sequence for 



o — >^ x (iog(n + r))®£ 



n^(iog(n + r + H)) ® zr 1 
-^^(bgan + r)^)®/:'- 1 



one obtains 2.5. 



□ 
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3. Families of elliptic surfaces 

Let us return to the family / : X — > B of minimal elliptic surfaces of Kodaira 
dimension one, with /o : X — > B smooth. By [I2j or [jllj, for all v > and 

b eB with x b = f-\b), 

(3.0.1) Uu\ jB ® C(6) = #°(X 6 ,u& k ). 

Fibrewise, for z/ sufficiently large and divisible, H°(X b , uJx b ) defines the Iitaka 
map X b — > W b to a non-singular curve W b , and by ( |3.0.1| ) 

J* U X/B > U X/B 

defines the relative Iitaka map 

i^fcP(K /B ), 

whose restriction g to X is a morphism, and PFo = g{X ) is smooth over So- 
Blowing up X, as always with centers in / _1 (S'), we can factor / as 

X — ^ W 

\A 

B 

where X, W and B are non-singular projective manifolds and where go : X — > 
Wo is a flat projective family of curves. Using the corresponding property for 
X b — > W b , one finds 

d\vaH % {g~ 1 {w),u v g - i{w) ) = 1, 
for i — 0, 1 and u; G H^o- Hence 5 , o*^x /w / ^ s invertible for all u > 0. Moreover, 

<7ofl'0* a 'Xo/Wo = ^Xo/WoC - r^ 0) ) 

for some divisor r^. 

We will need several properties of elliptic threefolds, i.e. threefolds with an 
elliptic fibration. The results needed, due to Kawamata, Fujita, Nakayama, Mi- 
randa, Dolgachev-Gross and Gross are recalled in ||, together with more precise 
references. For elliptic threefolds occurring as the total space of a family of el- 
liptic surfaces, is an excellent source. The properties and definitions needed 
from the theory of elliptic surfaces, in particular Kodaira's classification of the 
singular fibres, can be found in [[[[]. 

By 0, Lemma 1.2, blowing up W with centers in W — Wq one finds a flat 
relative minimal model g m : X m — > W, extending g : X — >• Wq. Before stating 



this result in |3.2j , we will use it to define the multiple locus and the discriminant 
divisor. In fact to this aim it would be sufficient to know the existence of g m over 
a subscheme W\ with codim(IF — W%) > 2. 

Let A(g m ) be the smallest subvariety such that 

g m \W-A(g m ))—,W-A(g m ) 

is smooth. 

Notations 3.1. An irreducible one-dimensional component of A(g m ) belongs to 
one of the following, according to the fibre E = g^-(w) over the general point w 
of the component: 
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a) E is a multiple fibre. We denote those components by E 1; . . . , E r and call 
E = Yll=i the multiple locus. To Ej we attach the multiplicity m ; of the 
general fibre, and Tj = g^(Y] i ) re( i, hence m 8 • Tj = g" 1 ^). 

b) Let j : W — > P 1 denote the rational map, induced by the j-invariant. Let 
Di, . . . , D s be the components of the discriminant locus whose image is oo. 
To Di we attach the multiplicity b{ of Di in j -1 (oo). In particular, if the 
general fibre over Di is a Newton polygon, then hi is nothing but the length 
of the polygon, (i.e. type I h ). We write Joo = £)? =1 

c) If i£ is not a multiple fibre, nor a Newton polygon, we denote the corre- 
sponding components by D s+ %, ... ,Dg and we attach a number bi to Dj 
according to Kodaira's classification (see 0, for example): 



type 


I* 

n 


II 


III 


IV 


II* 


III* 


IV* 


bi 


6 


2 


3 


4 


10 


9 


8 



d) D = Ui=i wm be called the discriminant locus, and 

i i 
^2 hDi = Joo + biDi 



i=s+l 



the discriminant divisor. 



Remark that E and J^ can have common components, corresponding to m I n . 
The component of the discriminant locus with general fibre of type J* will occur 
in Jqo = J2i=i biDi with multiplicity n and in Yll= s +i ^iDi with multiplicity 6. 

Lemma 3.2. Blowing up W with centers in W — Wo, there exists aflat morphism 
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■ X„ 



9o, 



such that 



-> W, with 9^ (W Q ) = X and g m \ Xo 

a) W — Wo is a normal crossing divisor. 

b) X m has at most ^-factorial terminal singularities. 

c) g m *ujx m /w is an invertible sheaf 5. 

d) 5 12 ~ O w (YLi h i D i) = °w(Joo + Et s+ i & iA), and, /or aH i/ > 



CO 



x m /w 



9*J V ® 0x„ 



z/ m. 



-r, 



e) T/ie j -invariant defines a rational map j : W — > P 1 , regular in a neighbor- 
hood ofh~ 1 (S), and j*(oo) = J^. 

By [|J, lemma 1.2, |3]2| holds true if the discriminant locus is a normal cross- 



ing divisor and if one allows further blow ups. Hence one obtains [3.2| over the 
complement in W of finitely many points of Wo- Since Xo is non-singular, since 
go : X — > Wo is flat and since go*^ Xo / Wo * s mvertible, b), c) and d) extend to Wo- 
Let us recall the following property of the multiple locus E, first observed by 
Iitaka. 

Lemma 3.3. Keeping the notations introduced above, E^ ^ = En Wo is stale over 
Bq and the fibres of (o ~ 1 E < ^°' ) ) r ed — > E^ are reduced. 

Proof. Let us write again T<® = g*^ . Then uj Xq = g*{go,u Xo )®0 Xo {T^ -T ( ^ d ). 

If E(°) — > Bo is not etale, there exists some b G Bo such that E(°)|w 6 contains a 
multiple point. This remains true, if we replace Bq by any finite cover B' — > Bo- 
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In particular, in order to prove the first part of [3.3|, we may assume that 



Y^=i f° r the image of a section of W — > B . The same can be assumed 
for the second part. In fact, if — * B is etale but some fibre of r^J -> E(°) 
non reduced, then the same remains true after replacing B by an etale covering. 

Consider for some r > 1 a point v G W& which lies exactly on r of the compo- 
nents Ej of £*-°), say 

v e Ei n . . . n £ r n w b . 

Let E denote the reduced fibre of g>& or g over v, let r« = (g*£j) r ed and let m$ be 
the multiplicity of Tj in <7*£j. Finally let M be the multiplicity of E as a fibre of 
gb : X b ^ Wb and IV Wj, the intersection cycle, a positive multiple of E. 
For all (jl > 1 the natural map g^g^uj^ — > c<j^ o induces an isomorphism 

<?o<?o*< — + < ^- 2^ m *\ — / r 

i=l 1 

where (a) = a — [a] denotes the fractional part of a real number a. Since a similar 
equation holds true for g b , one obtains 

(3 ,,) ± < t^). {T , m -_ M{ ^ w A ) . E . 

Choosing for /i the lowest common multiple I = lcm (mi, . . . ,m r ) the left hand 
side of ( 3.3. 1|) is zero, hence M divides I. Choosing \i = M, one finds that each 



rrii divides M, hence M = I = lcm (mi, . . . , m r ). For jj, = M — 1 = • m^ — 1 one 
has 

(M -iMrrii-l) 1 (M — l) 2 1 

V ^i_J ^ =r .. m ._ r . + i +_ and 1 \I -2 ■ — . 

Therefore ( 3-3. 1| ) implies that ^^iTj.Wft = E. This is only possible for r = 1 
and if ri. Wb is reduced. □ 

Remark 3.4. Let Ei be an irreducible component of the multiple locus E and 
let Ti = 5 ,-1 (Ei) red . The fibres of r x fl X — > E x n W are either smooth elliptic 
curves or Newton polygons. Assume the latter, i.e. that Ei is contained in the 
discriminant locus. Then r x is non-normal. However, since the fibres of Ti over 
points in Ei fl Wo have at most ordinary double points as singularities, the non- 
normal locus must be etale over Ei fl Wo, hence over Bq. Altogether, replacing 
Bo by an etale covering, we can assume that E^ = E fl Wo consists of sections 
and that the same holds true for the non-normal locus of the reduced multiple 
divisors. 



In order to apply the vanishing stated in O , we would like to restrict ourselves 
to semistable families X — > B. However, in doing so, one would have to allow 
W to be singular, and |372| would not apply. The following technical construction 
will serve as a replacement. 

Lemma 3.5. Let f : X — > B be a family of elliptic surfaces of Kodaira dimension 
one, with fo ■ Xq — > Bq = B — S smooth and relatively minimal. Assume that 
S consists of at least two points, if B = P 1 . Then there exists a finite covering 
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r : B' -> B, with B' 
morphisms 



r 1 (B ) Stale over B and a diagram of projective 



X' 



w 



h! 



B' 



X s 



W 6 



B' 



X 



w 



B 



with (as always, the index o refers to the restrictions to Bq and B' ): 

i) rjo and r]' are isomorphisms. a and a' are fibre products. 

ii) X' , W and X s are non-singular, W s is normal with at most rational Goren- 
stein singularities. 

iii) f s = h s og s : X s — > B' is semistable, hence the fibres of h s : W s — > B' are 
reduced, and for f = h o g the fibres A' = f'~ 1 (B' — B' ) and h'~ 1 (B' — B' ) 
are normal crossing divisors. 

iv) Let E' be the multiple locus for g' in W . Then £' fl Wq is the disjoint union 
of sections, as well as the non-normal locus of g'* '(E'^ed H X°. 

v) 5' = g'^ojx'/w is invertible, and j : W s — > P 1 is regular in a neighborhood of 
(hT\B'-B' ). 

vi) Let D' denote the discriminant locus. Then hi [B' — B' ) + D' + £' is a 



normal crossing divisor in a neighborhood of h' 1 (B' — B' ). 

vii) 6' 12 = cv(Eli W) = + EL+i b i°i)> where TLiW is the 

discriminant divisor, defined in \3. 1\ ( in particular, components corresponding 
to II, occur twice). 

viii) Let E' 1; . . . ,"E' r be the components of the multiple locus which dominate B' . 
Then for all v > one has 



fax* 



IB' 



hi 



U W'/B' ® Ow' 



r 

XI- 

1=1 



1) 



rrii 



5' 



ix) Let D' s+1 , . . . ,D' £I be those components of Y^i= s + 1 ^'a which dominate B' . 



Then for all multiples v of 12 



IB' 



h^. ( Uyy'/B' 



v ■ Irrii 



i=i 



mi 



i=s+l 



12 



x) g s Jjj v xs , B , = (rj o g'^fi^^g^log A'Y and both sheaves are reflexive. 

Proof. We may assume, that A + D + E is a normal crossing divisor and that the 
j'-invariant defines a morphism in a neighborhood of h~ l (S). 

We choose B' to be ramified over S of order divisible by the multiplicities 
of the components of /i _1 (5'), and such that X Xg B' has a stable reduction 
f s : X s — > B'. |3.3| and [3.4| allow to assume that iv) holds true. 



Choosing for W s the normalization of W x bB\ the fibres of h s are reduced and 
W s has at most rational Gorenstein singularities. Obviously f s factors through 

W is a desingularization of W s , such that vi) holds true, and such that the 
flat relative minimal model, described in |3.2j, exists over W . If we take for X' 
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any desingularization of this minimal model, g'^uJx'/B' is invertible, and vii) holds 
true. 

Up to now, we obtained the first seven properties, and we remark, that to this 
aim, we can replace B' by any larger covering. The last three properties will 
follow from the first ones. 

Let D be an irreducible component of — B' ). Since f s is semistable, 

(g s ) -1 (-D) must be a reduced normal crossing divisor. In particular, the proper 
transform of D in W can neither belong to the multiple locus, nor to the dis- 
criminant locus, except perhaps to the part corresponding to Newton polygons. 
In particular D will not be a component of Yli= s +i ^i- 

Let (gluj v Xs i B ,) y be the reflexive hull. If 12 divides v then in a neighborhood of 
a singular point w of W s the sheaf (gi^ X s /B') V is isomorphic to 

WW/B' ® CV-(— /*(°o))> 

where j : W s —>■ P 1 is the j-invariant. In fact, w can not lie on transversal 
components of the multiple or discriminant locus, and as remarked above, all 
others are part of j*(oo). From property vii) we obtain an injection 

(3-5.1) v*((gtu u X s /B ,) v ) -^g&x'/Bh 

hence gtuJ Xs , B , = (g s o r]')^uJ xl , BI = f]^g^uJ xl i B , is invertible for all multiples v of 
12. Moreover, since the parts of the multiple locus or of the discriminant locus, 
which are missing in the formula ix), are all exceptional components for 77, we 
obtain ix), as well. 

Property viii) follows from ix). For the equality in x) one just has to remark 
that for the fibre A s of f s over B' — B' one has 

^ fi X'/B'( lo S A') = fi| 3/B ,(log A s ) = U X */B> = V'^X'/B'- 

Let a be a local section of (g*u XB / B ,) v in a neighborhood of a point of IV s , which 
is blown up in W. By ( [3.5. 1|) the 12-th power of this section is the direct image of 
a section of g^u 1 ^ B , , hence of {ujw'/b 1 ® S') 12u ® Ow'(E) with E > exceptional. 
Since 5' 12 contains the inverse image of an invertible sheaf on W s } a must be the 
direct image of a section of {ujw'/b 1 ® ^'Y an d we obtain the reflexivity in x) for 
all v. □ 



Remark 3.6. Given a covering B" — > B', etale over Bq, we can assume in 3.5 



that B' dominates B" . In fact, in the proof of ET5] we just used that iv) holds 



true, and that the ramification orders are large enough. 



4. The proof of |0] in some special cases and the Jacobian 

fibration 

Let / : X — > B be a family of minimal elliptic surfaces of Kodaira dimension 
one, with fo : Xq — > Bq smooth, and let X — 9 —± W — B be the factorization 
constructed in § 3. 

Proof of \0. 1\ for smooth families of elliptic surfaces of general type over elliptic 
curves. If B = B is an elliptic curve, the total space X = X of a family of 
minimal elliptic surfaces is itself a minimal model, and the proof of the isotriviality 
is similar to the one given in |H| for families of surfaces of general type. 
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As in [O] the polarized variations of Hodge structures R l f*Cx are trivial, hence 
R l f*Ox is a free sheaf of degree zero, and by the Leray spectral sequence and by 
the Riemann Roch theorem on B and on X one obtains 



Cl(x) 19 C2(x) = x(o x ) = J2(-iy x (R%o x ] 



12 



i=i 



-l) i deg{R i f*O x ) = 0. 



Assume that / is non-isotrivial and let g : X — > W be the relative Iitaka map. 
|1.2| implies that u>x/b is numerically effective of Kodair a- dimension 2, and by the 
canonical bundle formula, for v sufficiently large and divisible, uj X /y = 9* A, with 
A ample on W, and (g*c\(A)).C2(X) = 0. For a fibre W b of h, one finds 

(4.0.1) (g* Cl (A(-W b ))).c 2 (X) + (g*W b ).c 2 (X) = 0. 

On the other hand, since X is a minimal model, |14|, 3.2, implies that C2(X) is 
pseudo-effective. So, choosing v large enough, none of the summands in ([4.0. 1|) 
can be negative. Thus c 2 (X b ) = (g*W b ) -Oi{X) = 0, showing that the only singular 
fibres of X b — > W b are multiple fibres. One obtains 



r 

K X /B = g* (k w/b + ^2 



mi - 1 , 



rrij 

i=i 1 



as Q-divisors. 

By |1.6| , applied to h : W — > B, we may assume that W = C x B and /i = pr2, 
if ^(W 7 ;,) > 1. The same holds true for W b = P 1 , since the g b : X b — > W b has at 
least three multiple fibres in that case. If g(C) ^ 1, for all i the images pri(Ej) 
are points, contradicting the ampleness of the Q-divisor 

K w/B + 

i=l 

If (7(C) = 1, then K w = K w/B = and = degi^ = (K w + E).E = (S^) 2 - 
Hence (Kw/b + S) 2 = 0, again contradicting the ampleness. □ 

A relatively minimal elliptic fibration 7 : J — » H 7 is called the Jacobian- 
fibration of (?, if the generic fibre of 7 is the Jacobian of the generic fibre of g. 
As explained in [Q, 1.4 - 1.6, even if g : X — > H 7 has a flat relative minimal 
model (see |3.2| ), one can not assume 7 to be flat. In fact, one has to exclude 
the points, where the discriminant locus has non-normal crossings, and certain 
types of collision points. Nevertheless, by ||, 1.6, the canonical bundle formula 
ujj = 7* (u)w ® 8) remains true. 

Assume that for g : X — > VFo the multiple locus is empty. Since the same 
holds true for the fibres X b — > W b = h~ l {b), each fibre of g has a reduced 
component, and go : X — > Wo has local sections over etale neighborhoods of 
all points. In this case, we may choose 70 : Jo - * Wq, to be locally in the etale 
topology isomorphic to go : X — > Ho- In particular, J is non-singular. 

The same remains true, if Xq is non-singular, but if finitely many of the fibres 
X b — > H4 have isolated singularities. 
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We choose a desingularization o : J — > J with a" 1 (Jo) = Jo- The induced 
family 

7 = 7 o a : J — > W 
will be called a Jacobian fibration of g. 

Lemma 4.1. Assume that go : X$ — > Wo has no multiple fibres and that 



X -Uw B 



satisfies the conditions stated in W7B, vii) - ix) (with B' = B). Let J — — > W be a 



Jacobian fibration. Then, using the notations from [37 

l^j/w = and f*uJ x/B = ( h ° l)*^j/B 
for all v divisible by 12. 

Proof. By the canonical bundle formula 0, 1.6, 7*5 is a subsheaf of uij/w- Hence 
5 U is an invertible subsheaf of J*Uj/yy, and since both coincide outside of a finite 

□ 



number of points, they are the same. The second equality follows from 3.5 



Corollary 4.2. 0.1 holds true for families of elliptic surfaces of Kodaira dimen- 
sion one and without multiple fibres. 



Proof. For a Jacobian fibration 7 : J — > W write ip = ho ^ : J ^ B. By |3.5| and 
|3.6| we can find a covering B' — ► B, etale over B , such that the conditions in [375] 
are satisfied for suitable models of both, X x B B' and J We will drop the 

' and assume B — B' . 

The family / : X — > 5 is birational to the semistable family f s : X s — > B. If / 



is not birationally isotrivial, [L2] implies that f*^ x /B ls am pl e ) an d ^x/b wm be 



semi- ample with respect to X . The property viii) in ^75] implies that, ujw/b ® 8 



is ample with respect to W . By |4~T] , the same holds true for C = 7*0; Choose 
the effective divisor T, such that 

(4.2.1) ^(log^S)) n !*£ = 7 *£ ® Oj(-T). 

The last condition in |3.5| implies that, for all v > 0, 

hence T satisfies the condition vii) in |2.1|. J — > -Bo is smooth, and choosing II as 



the closure of the zero-section of Jo — > Wo the assumptions in |2.1| hold true (with 



T = 0). Byp 



H°(J, Q 2 J/B ^-\S)) ®^C- 1 ® 0j(T)) = 0, 
contradicting the choice of T in (|4.2.1|) . □ 



Using |1.4| and some special considerations for the case that the j-invariant is 
constant along the fibres Wb, one can replace the reference to |2.3| in the proof of 
72] by Saito's local Torelli theorem |L7| . 



Corollary 4.3. For Bq = C* , \). i| holds true if the general fibre Xb is an elliptic 
surface of general type, and if the Iitaka map : X b — > Wb satisfies one of the 
following: 

a) g(W b ) > 1. 
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b) Wb = P 1 and has three or more multiple fibres. 

c) Wb = P 1 and has two multiple fibres of the same multiplicity m. 

d) Wb — P 1 and gb has two smooth multiple fibres of multiplicity larger than 6. 

Sketch of the proof. We may assume that the transversal components Si, . . . , E r 
of the multiple locus are the images of sections of X — > Wo. 

In a) Wq — > Bq is an isotrivial family of curves and by |1.6| we may assume that 
W = C x Bq. Then the multiple locus is of the form Yn=i c * x ^o- If W b = P 1 
we may choose an isomorphism Wq = P 1 x Bq with Ei = Cj X Bq. 

In the first three cases there exist coverings of C or P 1 with exact ramification 
order rrii over Cj (see ||, IV. 9. 12, for example). 

In case a) or c) it is easy to describe such a covering explicitly: Replacing C in 
a) by an etale cover of degree two, we may assume that the multiplicities of the 
fibres over c 2 j x Bq and over C2i+i x B are rri2i- By 0, 3.15, the covering obtained 
by taking the m 2 j-th root out of the divisor c 2i + (m 2 i — 1) • c 2 j + i is totally ramified 
of order m 2 j over c 2 j + c-^+i, and nowhere else. The normalization of the fibred 
product of the coverings obtained, is the one asked for. In c) one just takes the 
m-th root out of the divisor C\ + (m — 1) ■ c 2 . 

Hence in a), b) or c) there exists a covering Wq, ramified over Ej of order rrii 
and etale over Wq — U[=i ^ • The normalization X' Q of X x Wo Wq is etale over Xq, 
hence it remains smooth over Bq. The projection to Wq has no multiple fibres, 
and PO follows from PO and lO. 



For d) one shows, as indicated in ETTl that after replacing Bq by an etale cover, 
a multiple component Ej with multiplicity rrii gives rise to a morphism from Ej 
to the moduli scheme of elliptic curves with level m^-structure. Since the genus 
of this moduli scheme is larger than one, for mj > 6, this map must be constant. 
Hence g ,_1 (Ei) re d — > Ej is smooth over Ej n Wq. Choose a covering Wq — > Wq, 
ramified of order mi -m 2 along Ei + E 2 , and nowhere else. Then the normalization 
of X Xw Wq is again smooth over Bq, but without multiple fibres. □ 



Although we will reprove |4.3| in section 7, using slightly different coverings 
Wq — > Wo, let us concentrate for a moment on those families, not covered by [Oj 
a), b) or c), i.e. those with Bq = C*, with Wb = P 1 and with one of the following: 

Case I: There are two multiple fibres of multiplicities m\ ^ m 2 in Xb — > Wb = P 1 . 

Case II: There is one multiple fibre of multiplicity m in Xb — > Wb = P 1 . 

In the first case, we will replace X — > W by a desingularization X' of the 
pullback X x x W' — > W', where W' —> W is totally ramified over E x + E 2 of 
order M, divisible by mi and m 2 . Doing so, the morphism Xq — > Bq will no 
longer be smooth in a finite subset of X' . A careful analysis of the geometry 
of the multiple fibres in section 6 will allow to choose M in such a way, that 
X' locally factors through a finite morphism X' — > X" , with X" smooth over 
B. This observation will allow to apply [2.3| to X' Q , along the same lines used 
to prove |47|. The sheaf C will correspond to the inverse image of the Q-divisor 
Kw/B + YT^i^^ + SonW'. 

The same construction (with m = mi and m 2 = 1) works in case II, if one is 
able to choose the second section E 2 in such a way that it only meets components 
of the discriminant locus corresponding to reduced singular fibres (types I n , II, 
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777 or IV). To find such a section, we will have to study the discriminant locus 
in section 5. There we will use in an essential way that x{@x b ) > 2, a condition 
which fortunately holds true in case II. 

5. CONSTANTNESS OF THE WEYL SYSTEM 

If x(Of) > 2, for a general fibre F of / : X — > B, then the triviality of the 
variations of Hodge structures forces the part of the discriminant locus which 
corresponds to non-reduced non- multiple fibres to be etale over B . 

Proposition 5.1. Let fo '■ Xq Wq — ^ Bq be a smooth projective family of 
minimal elliptic surfaces with x{Ox b ) > 2 and n(Xb) = 1, for all b G -Bo and 
Xf, = Assume that Bq = C* or that Bq is an elliptic curve. Let 

i=s+l 

be the part of the discriminant locus in Wq, which corresponds to singular fibres 
of types I* (j > 0), IP, IIP or IV*. Then is etale over Bq, the restriction 
gQ l (D^) — > is locally equi- singular, and D S 1 - - 1 = for the multiple 

locus £ (0) ofX -> W . 

The condition x(@x b ) > 2 is needed in the proof of the following description 
of the -2 classes in the Neron-Severi group NS(Xt) of X^. 

Lemma 5.2. Let : Xb — > W& be a minimal elliptic surface of Kodaira dimen- 
sion one with x{Ox b ) > 2. Define the numbers n i} rrij and 4 as the number of 
reducible fibres, according to the following list: 



type 


m,Ii 

(m > l,i > 4) 


IV or 

ml 3 


III or 

ml 2 


I* 

3 


IP 


IIP 


IV* 


number 
of fibres 


Hi 




n 2 


m 3 


k 


h 


k 


Euler 
number 


i 


4 or 3 


3 or 2 


j + 6 


10 


9 


8 



Let N b = (ae NS(X b ); (a.F) = and (a.a) = -2)/Q • F n NS(X b ) 
be the root lattice. Then 

i) Nb is generated by the classes of irreducible components of reducible fibres 
of g b - 

ii) The numbers ni,rrij and Ik are uniquely determined by Nb and by its decom- 
position 

^6-0 At"* © D fZ j © E t h 
i>2 j>0 fc=6 

in indecomposable sublattices. 

Proof. The assertion ii) follows from i) and from the well-known uniqueness of 
the decomposition of N b (see for example 0, Proposition 11.3). 

For i) let [D] e NS(X b ) be a representative of a class a G N, with (D.D) = —2. 
Since Kx b is numerically equivalent to a ■ F, for some a G Q, one obtains from 
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the Riemann Roch formula 

x(Ox b (D)) = D - {D ~ Kxb) + X (0 Xb ) = -1 + X (Ox b ) > 0. 

Therefore H°(0 Xb (D)) ^ or H (O Xb (K Wb - D)) ^ 0. Since [K Wb - D] = [-D] 
in N b , replacing a by —a we may assume that a is represented by an effective 
divisor Ea;j.Dj. Since = (a.F) = Ea^-Dj.F) one finds the Di to be irreducible 
components of the fibres of g b , and one may assume that those are components of 
reducible fibres. One obtains i) from the classification of the singular fibres (see 
PJ, for example). □ 



Proof of \5. 4 Let B = C — > £> be the universal covering of B and denote the 
pullback of X — > Wo — > B by 

Then R 2 f 3f 7*x is a constant system, i.e. we have a global marking 

t : R 2 UZ X ^H 2 xB 

for H 2 a lattice isomorphic to H 2 (X b ,Z*). Recall that any invertible sheaf L on 
X defines a constant subsystem 

ci(£|xJ&eB C R 2 f*Z x . 

In particular, if 7i is the inverse image of a relative ample invertible sheaf on 
X — ► S , we can define the constant system (-R 2 /*Z^) pi . im = in R 2 f 1f r Lx- 
Restricting r one obtains an isomorphism 

r X : (R 2 f*Zx) plim H L x £>, 

where if -1 C i^ 2 is a sublattice. Using r- 1 , we define the global period map 

p : B — ► Grass(fc, H L ) by p(6) = (r^tf ^, Q 2 Xb )) C # x ® C). 

Since £> = C is a Zariski-open subset of P 1 , we may apply |19|], Theorem 7.22, 
and we find p to be constant. Hence f*Q x / B is a flat vector bundle, that is, there 
exists a linear subspace T C if- 1 (g> C, such that r -1 induces an isomorphism 

We define NS = T L H and consider the corresponding constant system 

r : US iVS x £?. 

By the Leftschetz (1,1) Theorem , A/"<S is the system consisting fibrewise of the 
Neron-Severi groups NS(X b ) (Note that in general, the system NS(X b ) is far 
from being constant). 

Next we consider the constant subsystem C%, defined by the relative dualizing 
sheaf ujx/b, and the sublattice c\ C H 2 , with t{C\) = ci x B. Of course, C\ C US 
and (ci.ci) = 0. Taking the quotient we obtain 

r' : <S = Ci/d ® z QnUS ^ S x B = c{jc x ® z Qn JVS. 
Up to now, we obtained a constant system S consisting fibrewise of 

{a b e NS(X b ); a b . Cl (u Xb ) = 0} 
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modulo rational multiples of ci{uj Xb )- Since K,(X b ) = 1, ci{uj Xb ) is some positive 
multiple of the class of a fibre [Fb] of — > Wb- Note that the intersection form 
on if 2 (Xb,Z) descends to the one on S, since the condition 

(a.ci(u Xb )) = (p.ci(u Xb )) = 

implies that 

(a. (3) = ((a + a ■ cx(uJx b ))-((3 + b ■ ci(u Xb )))- 
S is a negative definite lattice. Consider the sublattice 

N := (a G S; (a. a) = -2) 

and the corresponding constant system 

J\f N x B. 

This M is a family of lattices, which fibrewise corresponds to the lattice iVj, 
described in |5]^. In particular, the numbers rii, rrij, and Ik defined in ^]2| are 
independent of b G i3, and by definition of rij (i > 4), m.,-, and one obtains 

Claim 5.3. The number of singular fibres of type I{ [i > 4), /*, //*, and 
IV* in X 6 — > W b is independent of 6 G i? - 

To finish the proof of |5.1| we need the constantness of the local Euler numbers. 
For p G W choose small disks Af. ^ C W with center p, and A^ C B with center 

h(p), such that /i| A 2 : A? -, — > A a . is the projection of the first factor. For 



e > sufficiently small and a G C, with \a\ < e, we write L a)e = (x — a • y = t), 
and A 2 = lj|t|<<5 L ajt - Hence ^~ 1 (L Q , 4 ) — >■ L att is a family of smooth, local elliptic 
surfaces, parameterized by t. 

The Euler numbers of g~ l (L a ^) are independent of t, and they are the sum of 
the Euler numbers of the singular fibres of ^~ 1 (L Q , it ) — > L ajt - 

Let again D±, . . . ,De be the components of the discriminant locus and let 
Ci be the Euler number of the general fibre over Di. We assume, renumbering 
Z?i, . . . , Di if necessary, that t\ < e 2 < . . . < ti- Assume that for i the divisor 
Yli=i +i Di is etale over B , but Y^i=i A i s no ^- Hence there exists p G W, where 
for a suitable choice of e, 

<? (-^q,o) — > L fl 
has just one singular fibre, whereas the number of singular fibres in 

g^iWt) — ► L o,t 

is larger than or equal to two. Hence the Euler number of g~ l (p) is strictly larger 
than e io . By ^| this is only possible for e io < 4. 

Since ej > 6, for the components corresponding to singular fibres of types J^, 
IP, III*, IV* , we obtain that the union of the corresponding components is etale 
over the base. Also, those components can not meet the multiple locus, since the 
reduced fibre of an intersection point must be a Newton polygon of length larger 



than or equal to 6, contradicting again 5.3. □ 



Remark 5.4. The method used to prove [5J] gives a bit more. The constantness 
of the local Euler numbers and 5^ exclude for example, that some p G Wo lies on 
two components D\ and D2 of the discriminant locus, which correspond to fibres 
of type 7& 13 h 2 with b\ + 6 2 > 5. 
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Nevertheless, the method is not strong enough, to imply the etaleness of the 
whole discriminant locus. For example it can not exclude that Di, a component 
corresponding to Ii, has a cusp. Such examples exist locally, and two /i-fibres 
degenerate towards a //-fibre in such a point. 



6. Standard modifications of multiple fibres 

Let fo '■ Xq — > Wo — > Bq be a smooth family of minimal elliptic surfaces. 
We assume that the multiple locus E^ ) = Yli=i ^« an d the non- normal locus 
of g^iT,^)^ consists of the union of disjoint sections. Let mi, ... ,m r be the 
multiplicities of g^ (12i), . . . , (^(E,.), respectively. The multiple locus can meet 
other components of the discriminant locus. An example, due to Moishezon, is 
given in |7j], 7.4, where Ej is not contained in the discriminant locus, but meets a 
component Di of type /„. In this example, Ej is an mj-fold tangent to D\. In fact, 
it is easy to show, that Ej can only meet the discriminant locus in components of 
Zoo, and this intersection can not be transversal. For components of type I* //*, 



///* and IV*, this has been part of |5.1| , at least if Bo = C* or an elliptic curve. 

Consider a finite covering Wq — > Wo which is totally ramified of order and 
etale over Wq — Ej, in a neighborhood of Ej. The normalization Xq of Xq Xw Wq 
is etale over X , and one obtains an etale Galois cover T- — > Tj = (7^" 1 (Ej) rec i. 
Hence T- has a fixed point free action of Z/mjZ, and the only singular fibres 
of H -> E' = (E 

i x w Wo)red are smooth elliptic curves or Newton polygons of 
length divisible by m.j. 

Remark 6.1. The j-invariant might be non constant along Ej. Although not 
needed in the sequel, let us point out some obvious obstructions for this to happen, 
in case B = C*. If /j denotes the Jacobian of T'^ we can assume (replacing 
Bq by an etale cover) that Jj has a level mj-structure. Hence the j-invariant 
factors through E' ; — > Xi(mj), where Xi{mj), is the moduli curve parameterizing 
elliptic curves with a level mj-structure. By [113, 1.6.4, g(Xi{rrii)) = implies 



that rrii < 6. Using the additional information, that the translation by one of 
the sections of order m ; can only have fixed points in two fibres (the ones over 
{0, oo} CP 1 = B), one can exclude the case m ; = 6, but not the others. 

For the proof of p.l| we will need a slightly different description of the multiple 
locus. For example, if X b Wb is an elliptic surface with two multiple fibres 
of multiplicities mi and m%, we have to replace Wq by a covering Wq, totally 
ramified of order divisible by lcm(mi,m 2 ). The normalization of the pullback of 
Xq will have no multiple fibres anymore, but it might not allow a model, smooth 



over Bo. So in order to apply [2.3| , along the same line we did in |4.2| , we have to 
construct a model X' Q for which we control the sheaf VL 2 X , j Bo {\og A')', defined in 



2.2 



Lemma 6.2. Assume that the multiple locus E^ of 



Xq^UWo^ Bq 



consists of sections, as well as the non-normal locus o/^ 1 (E^) rcd . Then we can 
attach to each component Ej o/E^ a number fii, divisible by the multiplicity m,i 
ofTi = 5f ( ^ 1 (Ej) with the following property. 
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Let t : Wq — ► Wq be a covering, totally ramified of order M , divisible by \Xi, 
along Ej and unramified over U — E, for a neighborhood U of Ej m W . T/ien 
t/iere exists a commutative diagram of projective morphisms 



So 



W2 



S 



Wo 



ho 



Bn 



such that in a neighborhood of g' r the following conditions hold true: 

i) X' Q is non-singular and r' induces a birational morphism X' Q — > Xq X\y Wq, 
biregular over t~ 1 (Wq — E^). 

ii) /g = h' o g zs smooth, outside of a finite number of points t\, 

iii) For each of the points tj in ii), there exists a factorization 

5' 



tk- 



X' 



So 



Wq 



h' n 



B 



ws 



h" 



B 



Xo 

So 

Wo 

ho 

B 



with h' ' o g' Q ' smooth in o~'(tj) and a' finite over a neighborhood of tj. 

Proof. In what follows we will work locally in U, but by abuse of notations we 
will write U = Wo and E = Ej. 

-> E 
has 



Consider first the case where the reduced general fibre of T = 
is a smooth elliptic curve. Let us assume for a moment that Wq - 
ramification order m, the multiplicity of T. Then the normalization 



Wo 



9 



Xo 



Wo" 



of pr 2 : Xq x Wo Wq 



is etale over Xn, hence smooth over Bo- However r r 



red - T = g-\^"), for 
E" = r _1 (E) r ed might be singular. The fibres of T — > E" are smooth elliptic 
curves or reduced Newton-polygons. Therefore T has at most rational Gorenstein 
singularities. 

Let q be one of those singularities, p = g~o(q). We choose local parameters (x, y) 
on Wo in p, such that E is the zero set of y and such that x is the pullback of 
a local parameter on Bo in h(p). So the branched cover r : Wq — > Wo is locally 
given by r*y = w m and r*x = x", for parameters w and x" on Wq. 

Considering the projection given by w and the morphism induced in a neigh- 
borhood of q in Xo, we obtain a family of surfaces with a smooth general fibre 
and with an isolated rational Gorenstein singularity in the special fibre w — 0. 
By 0] such a singularity allows a simultaneous resolution, after taking a further 
branched covering, totally ramified over w — 0. Hence, replacing m by m ■ v for 
some v = v(q) depending on q, we may assume that the normalization Xo of 

Xq. In particular, g" Q l (Jl") = T" 



X X\v Wq has a small resolution it 
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is smooth and the fibres of T" — > E" are reduced curves with at most ordinary 
double points as singularities, at least over a neighborhood of the given point. 

To do this simultaneously for all points over T, we have to choose /x to be 
divisible by m and by u(q) for all singular points in r rc d. For any multiple M of \i 
let Wq — > Wo be the corresponding covering. Locally, for the point q considered 
above, Xq can be chosen to be the covering of Xq, totally ramified along r" of 
order m ^, q \ ■ Since T" is non-singular, Xq is non-singular, and i) holds true. The 
conditions ii) and iii) follow from the construction of X' Q . 

If the general fibre of r re d — > E is a Newton polygons of length b (hence of type 
lb), the construction of Xq is quite similar. All fibres of r rc d — > E are of type I a , 
for a > b. Again we start with Wq — > Wo, totally ramified of order m and with 
the normalization g : Xq — > Wq. The non-smooth locus of r re d = T — > E" consists 
of b disjoint sections, say L\,... ,Lf, and of a finite number of points in T — (Li U 
. . . U Lb). For the latter, the argument given above works. In fact, if q is one of 
the isolated points, T — (L\ U . . . U L b ) has again a rational Gorenstein singularity 
in q, and choosing a larger covering there exists a simultaneous resolution. 

Along Li, the morphism T — > E" is equi-singular. Hence for Wq — > Wq totally 
ramified over E", we can simultaneously resolve the singularities in the normal- 



ization of Xq x w > Wq which are lying over Lj. 



□ 



The morphism f' Q constructed in |6.2| is smooth outside of a finite number of 



points ti, . . . ,tk- As in for T = {ti, . . . ,tf.}, let (Q 2 x ^ Bo ) f 



UJ 



K/B 



be the 



image of O^, -> w x / /flo . 



Corollary 6.3. For M and t' as in \6.2{ and for U' = (go ° t') l (U), one has a 
natural inclusion 



¥ ■ T Ux /Bo\U' > ^/B |C/'- 

Proof. Both sheaves are subsheaves of uj' x ,^ Bq , hence in order to show that the 
inclusion t'*ujx /b —> ^x'jB a factors through uj' x ,^ Bq , we can argue locally in a 
neighborhood of G T. 



Using the notation from |0| iii), one has (locally in a neighborhood of tj) a 
diagram 

o o- uj Xo/Bo 



-» <7'*U X »/b q <— 



and 6.3 holds true. 



□ 



Remark 6.4. The corollary |6.3| obviously remains true in the following situa- 
tion: Let C M^o be a section, such that 5' ~ 1 (G) is non-singular and such that 
9o (®) ^ © is smooth outside of a finite number of points. Let lUg — > PUo be 
(locally near G) a covering, totally ramified of order M along O and unramified 
elsewhere. Then Xq = X x vk W 7 ^ is non singular, X' Q — ► 5 is smooth outside of 
a finite number of points, and there is (locally) a natural inclusion 

V? :prlu Xo/Bo — ►w^/Bo- 
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7. The proof of |07l| for families of elliptic surfaces 



Let / : X — > B be a family of minimal elliptic surfaces, smooth over Bq = B — S 
and with K(Xb) = 1 for b G B . At the beginning of section 4 we proved that / is 
birationally isotrivial, in case B = B is an elliptic curve. Hence we will restrict 
ourselves to the case B = C*, in this section. 

By [4.3| we only have to consider families of elliptic surfaces with one or two 
multiple fibres. Nevertheless, since the arguments used here apply to all other 
cases as well, we will not make this restriction. 

For the relative Iitaka fibration Xq Wo Bq, constructed in section 3, 



ho '■ Wq — > Bo is a smooth family of curves. By |1.6| we may write Wo = C x Bo, 
and ^T3] allows to assume that the multiple locus £(°) in W consists of disjoint 
sections. Replacing C by an etale cover, and using |L3| we are allowed to assume 
that gb : X b — > Wb = C has more than 2 multiple fibres, provided g(Wb) > 1. 
The further construction depends on the number and type of the singular fibres: 

Case I: The degree r of over Bo is larger than or equal to 2. 

Case II: If r — 1, we have to find a second section 0, with ^ 1 (0) — > smooth 
outside of a finite number of points, and with g^^Q) non-singular. 

For g(Wj)) > 0, we were allowed to assume that r > 1, hence it is sufficient 
to construct G for Wo ~ P 1 x B . Then the canonical bundle formula and the 
assumption n(X h ) = 1 imply that deg(gb^uJx b /w b ) — x(®x b ) > 2. Depending on 
the singular fibres of X b — > Wf,, for b G B in general position, we distinguish two 
subcases: 

Case II a: All non-multiple singular fibres of Xb — > Wb are reduced. Hence the 
only singular fibres are of type m J n , II, III or IV. We choose for a general 
section of W — > B , not meeting 

Case II b: If X b — > Wb has singular fibre of type /*, //*, III* or IV*, we have to 
be more careful. By|0]the ^n> II*, HI* and 7V*-loci are disjoint in Wo, and etale 
over B . Replacing Bo again by an etale cover we find sections D s+ x, . . . ,Dy, 
corresponding to singular fibres of type /*, II*, III* or IV*. The isomorphism 
Wo - P 1 x B can be chosen, such that pri(Ei), and pri(Di) are points in P 1 , 
necessarily distinct. 

In fact this is obvious, for £' = s + 1 or £' = s + 2. If £' > s + 2, we choose 
the isomorphism such that pr 1 (E 1 ), pri(D s+ i) and pri{D s+2 ) are points. Since 
Di ~ C*, for % = s + 1, . . . , £', and since the Di can not meet each other or E 1; 
the restriction pri\^ i can not be dominant, for i > s + 2. 

For we choose the fibre of pri over a point in general position in P 1 . 



Let Hi be the number, attached to the component Ej in |T2] and let M = 
lcm{/ix, . . . ,fi r }. We choose a covering r : H 7 ^ — > W , totally ramified of or- 

r 

der M over Ei + 0, in case II, or ramified in each component of Tg Ej of order 

i=i 

M, in case I, and we assume To to be unramified elsewhere. 

Such coverings exist by |J, IV.9.12, for example. As explained in ||, 3.5 and 
3.15, they can also be obtained by taking the m-root out of divisors A, with 
Ow {A) the m-th power of an invertible sheaf. 
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In case II, choose A = Ei + (M — 1) • 0, and in case I, if r is even, 

r/2 

A = ^£ ai _ 1 + (Af -!)•£« 



will give the covering needed. If r and M are both odd, one can take the M-th 
root out of 



(r-3)/2 



.4 



-T-2 



+ S r _x + (M-2)-S r + ^ £ 2i _ x + (M - 1) - E 2i . 



i=i 



If M is even, and r odd, take first the M-th root out of A = E x + (M — 1) ■ E 2 . 
On the covering obtained there are M ■ (r — 2) points left, and we proceed as in 
the first step. 

Let Xq — > Wq be the model from |6.2| over a neighborhood of r ~ 1 (E^), in both 
cases, and equal to X Xw Wq over 0, in case II. We constructed a non-singular 
variety X' Q and projective morphisms 



TO 



w 



such that /o = h Q o r o is smooth outside of a finite number of points, and 
such that locally in those points |6.3| (see also |6.4j) holds. This remains true if 
we replace Bq by further etale coverings. Hence we may choose non-singular 
projective compactifications 



X' 



W 



B 



X 



W 



B 



such that f' = h'o g' as well as / = h o g satisfy the conditions stated in |3.5| (for 
B' = B). 

Assume that f : X — > B is not birationally isotrivial. Then [L2| implies that 
k(vx/b) — 2. Using the notations from |3.5|, viii), (with all the ' omitted), one has 



f* u X/B — h* V^w/B 



v ■ m,- 



i=l 



rrii 



•E„ 



5' 



Hence, if v is a multiple of lcm{mi, . . . , m r }, the sheaf 



a; 



i=i 



m 5 - 



will be ample with respect to W , and, for some effective divisor RonX supported 
in /^(S 1 ), one has 

g*C^=u x/B (-R) v . 
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Since r is totally ramified over Ej of order divisible by m,, there is an invertible 
sheaf C on W, ample with respect to Wq, with r*C^ = C' u . Moreover g'*C = 
t '*^x/b(—R), and £' is a subsheaf of (f^uJx'/B- 

Let 7' : J' — > W 7 be a Jacobian flbration, as considered in section 4. By [4.1| 
one has 

for all v > 1. Replacing a last time So by an etale cover, |3l] allows to assume 
that J' — > 5 satisfies the conditions stated in [3.5| (over .£> = B'). 

Since 7 : Jq — > Wq is locally in the etale topology isomorphic to g' : X' — > Wq, 
the morphism Jq — > S is again smooth outside of a finite subset T. 

Jq — ► P^q has a zero-secton with image Ilo. Writing ip' — h! o 7' and ip'~ 1 (S) = 
V, we may assume that the closure II of n is non-singular and that V' + II is a 
normal crossing divisor. 



As in 2.2 one defines 



S^QogA')' = Im(^,(log A') — J&, /B (logA')~), and 
Q 2 l/B (logV)' = lm(n 2 j,(logV) — > fi 2 J7B (log V')~). 

u 'x'/b denotes the subsheaf of ujx'/b, generated by ft x ,, B (logA')' and by ux'/b, 
restricted to a neighborhood of A'. Correspondingly u'j,, B is generated by the 
sheaves ft 2 , / B (log V')' and u)ji/b\j'-t- 

Since 7 : Jq — > Wq and g : X' Q — > Wq are locally isomorphic in the etale 
topology, the natural isomorphism 

1o*Uj'/b 9o* u x>/b 

induces an isomorphism 

(7-0.1) Io^'j'/b g'o^'x'/B- 

By [6l| (see also |Q1 ), (/*£' = t'*u x / b (—R) is contained in u)' x ,, B . Hence £' lies 



in g'^'x' IBi an d; using the isomorphism ( [7.0 . 1| ) one finds an injection 



7 C — >ujj, /B . 

The second sheaf contains ft 2 , / B (log V')' and for some effective divisor T on J', 
supported in V, 

(7.0.2) fij V B (log V')' n yX' = 7 '*£ ® Oj,(-T). 

By the last condition in |3^, for all ^ > 0, 

^n 2 J//B (\ogVy = ^ JI/B , 

hence 

^(7'*^®0J'(-^-T)) = ^. 

Altogether £', IT and T satisfy the assumptions made in |2.1| , for J' — > W — > .B. 
ByO 

H°(J', fi 2 J7B (log V')' ® Y^" 1 ® Oj»(T)) = 0, 
contradicting the choice of T in ( |7.0.2| ). □ 
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